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Q-i! Abstract 



In this article we review the electroweak charged and neutral currents 
in the Non-Commutative Standard Model (NCSM) and compute the 
^ , Higgs and Yukawa parts of the NCSM action. With the aim to make 

^ j the NCSM accessible to phenomenological considerations, all relevant 

expressions are given in terms of physical fields and Feynman rules 
are provided. 
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1 Introduction 



The approach to non- commutative field theory based on star products and 
Seiberg-Witten (SW) maps allows the generalization of the Standard Model 
(SM) of particle physics to the case of non-commutative space-time, keeping 
the original gauge group and particle content [1-8]. It provides a systematic 
way to compute Lorentz violating operators that could be a signature of a 
(hypothetical) non- commutative space-time structure [9-20]. 

In this article we carefully discuss the electroweak charged and neutral 
currents in the Non-Commutative Standard Model (NCSM) [6] and compute 
the Higgs and Yukawa parts of the NCSM action. Among the features which 
are novel in comparison with the SM is the appearance of additional gauge 
boson interaction terms and of interaction terms without Higgs boson which 
include additional mass dependent contributions. All relevant expressions 
are given in terms of physical fields and selected Feynman rules are pro- 
vided with the aim to make the model more accessible to phenomenological 
considerations. 

In the star product formulation of non-commutative field theory, one re- 
tains the ordinary functions (and fields) on Minkowski space, but introduces 
a new non-commutative product which encodes the non-commutative struc- 
ture of space-time. For a constant antisymmetric matrix 9^ u , the relevant 
product is the Moyal-Weyl star product 

f*9 = z2 r_o,-wi ^ ■ ■ ■ d ^f) ■ ■ ■ d ^g) • (i) 

n=0 1 Zl > n - 

For coordinates: x M * x v — x v * x^ = i9 lxv . More generally, a star product has 
the form 

(/ * g)(x) = f(x)g(x) + t -6^(x)dJ(x) d v g{x) + 0(9 2 ) , (2) 

where the Poisson tensor 9^ u (x) may be x-dependent and satisfies the Jacobi 
identity. Higher-order terms in the star product are chosen in such a way that 
the overall star product is associative. In general, they involve derivatives 
of 9. For a discussion of the Seiberg-Witten approach to non-commutative 
field theory in the case of the space-time dependent 9 fiu (x), see, for example 
[21-25]. 

Carefully studying non-commutative gauge transformations one finds that 
in general, non-commutative gauge fields are valued in the enveloping algebra 
of the gauge group [3,4]. (Only for U(N) in the fundamental representation 
it is possible to stick to Lie- algebra valued gauge fields.) A priori this would 
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imply an infinite number of degrees of freedom if all coefficient functions 
of the monomials that form an infinite basis of the enveloping algebra were 
independent. That is the place where the second important ingredient of 
gauge theory on non- commutative spaces comes into play: Seiberg-Witten 
maps [2,3] which relate non-commutative gauge fields and ordinary fields in 
commutative theory via a power series expansion in 9. Since higher-order 
terms are now expressed in terms of the zeroth-order fields, we do have 
the same number of degrees of freedom as in the commutative case. Non- 
commutative fermion and gauge fields read 

$ = $\y] = 4-l^v a drf> + ±0*\y a ,Vp)ii> + o(f), (3) 
% = %[v] = v, + -^{d a v, + F^v p } + o{e 2 ), (4) 

where if) and are ordinary fermion and gauge fields, respectively. Non- 
commutative fields throughout the paper are denoted by a hat. The Seiberg- 
Witten maps are not unique. The free parameters are chosen such that the 
non-commutative gauge fields are hermitian and the action is real. Still, there 
is some remaining freedom including the freedom of the classical field redefini- 
tion and the non-commutative gauge transformation. The noncommutative 
actions considered here are covariant under (global) Poincare transforma- 
tions provided that the Poisson tensor 6 is transformed as well. With respect 
to a fixed ^-background, however, the classical Lorentz symmetry is broken. 
What remains is a twisted Poincare symmetry [7,26], which can in principle 
be extended to SW expansions. 

In [6], it was shown how to construct a model with non-commutative 
gauge invariance, which stays as close as possible to the regular Standard 
Model. The distinguishing feature of this minimal NCSM (mNCSM) is the 
absence of new triple neutral gauge boson interactions in the gauge sector. 
However, as shown here, triple Z coupling does appear from the Higgs action. 
Triple gauge boson interactions do quite naturally arise in the gauge sector 
of extended versions [6, 9, 10, 15] of the NCSM and have been discussed in 
[9, 10]. They also occur in an alternative approach to the non-commutative 
Standard Model given in [27,28]. Another interesting novel feature of NCSM, 
introduced by Seiberg-Witten (SW) maps , is the appearance of mixing of 
the strong and electroweak interactions already at the tree level [6,9,29]. 

We consider the ^-expanded NCSM up to first order in the non-commu- 
tativity parameter with an emphasis made on the electroweak interactions 
only. In Section |2l we give an introductory overview of the NCSM. In Section 
El we discuss different choices for representations of the gauge group which 
then yield minimal and non-minimal versions of the NCSM. In Section 01 
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we carefully discuss electroweak charged and neutral currents of the NCSM. 
Explicit expressions for the NCSM corrections in the Higgs and Yukawa sec- 
tors are worked out in Section These expressions can be used directly 
for further studies. The Feynman rules for the selected three- and four-field 
electroweak vertices are given in Section H3 

2 Non-commutative Standard Model 

The action of the NCSM formally resembles the action of the classical SM: 
the usual point-wise products in the Lagrangian are replaced by the Moyal- 
Weyl product and (matter and gauge) fields are replaced by the appropriate 
Seiberg-Witten expansions. In the limit of vanishing non-commutativity one 
recovers the usual commutative theory. This limit is assumed to be contin- 
uous. If the transition is not continuous (compare, e.g. [16]), perturbative 
aspects of the theory under consideration can still be addressed. Problems 
with unitarity may occur in the non-expanded theory with non-trivial time- 
space commutation relations. These problems can be overcome by a careful 
analysis of perturbation theory in a Hamiltonian approach, cf. [20, 30] for 
scalar field theory. Other problems in non-commutative theories that are 
encountered already at the classical level are charge quantization in non- 
commutative QED, the definition of the tensor product of gauge fields, gauge 
invariance of the Yukawa couplings and ambiguities in the kinetic part of the 
action for gauge fields. As demonstrated in [6], all these problems can be 
overcome and do not affect the NCSM presented here. The action of the 
NCSM is 
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Table 1: The Standard Model fields. Here % G {1,2,3} denotes the generation 
index. The electric charge is given by the Gell-Mann-Nishijima relation Q = 
(T3 + Y). The physical electroweak fields A, W + , W~ and Z are expressed through 
the unphysical U(1) Y and SU(2) fields A and B a (a e {1,2,3}) in Eq. The 
gluons G b (b £ {1, 2, ... , 8}) are in the octet representation of SU (3)c- 
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The gauge part 5^,^ of the action is given in the next section. The particle 
spectrum of the SM, as well as that of the NCSM, is given in Table H 

Analogously to the usual SM definitions for fermion fields, we define ip = 
^7°. (The 7 matrix can be pulled out of the SW expansion because it 
commutes with the matrices representing internal symmetries.) The indices 
L and R denote the standard left and right components ipL = 1/2(1 — 75)^ 
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and = 1/2(1 + 75)^. For the conjugate Higgs field, we have $ c = ir 2 $* 
(r 2 is the usual Pauli matrix). In Eqs. © and (JHJ) the generation index is 
denoted by i,j G {1,2,3}. The matrices G e , G u and Gd are the Yukawa 
couplings. 

The non-commutative Higgs field $ is given by the hybrid SW map 
8 = $[$,V,V] 




which generalizes the Seiberg-Witten maps of both gauge bosons and fermions. 
$ is a functional of two gauge fields V and V and transforms covariantly 
under gauge transformations: 

<5$[<E>, V, V] = iA*& - i$ *A' , (10) 

where A and A' are the corresponding gauge parameters. Hermitian con- 
jugation yields $[$, V, V']^ = V, V}. The covariant derivative for the 
non-commutative Higgs field $ is given by 

Dj& = dfi-i%*® + i®*V' li . (11) 

As explained in [6] , the precise representations of the gauge fields V and V in 
the Yukawa couplings are inherited from the fermions on the left (■0) and on 
the right side (ip) of the Higgs field found in (jHJ), respectively. The following 
notation was introduced in Eqs. (jZj) and (jHJ 

V$) = m,lg'A + gB a TZ,0], 

M$) = $l$,n^(v),n^ R (v)}, (12) 

M$ c ) = ®[<S> C ,K^(V),K^(V)}. 

The representations TZ^, determined by the multiplet ip, are listed in Table 
121 Note that 72.^(/(V^)) = fiJi^iV^)) for any function /. Gauge invariance 
does not restrict the choice of representation for the Higgs field in S mzs , s . The 
simplest choice for ho which is adopted in the NCSM closely follows the SM 
representation for the Higgs field. For a better understanding of the gauge 
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Table 2: The gauge fields in the covariant derivatives of the fermions and in the 
Seiberg-Witten maps of the fermions in the Non-Commutative Standard Model. 
The matrices T£ = r a /2 and To = X b /2 correspond to the Pauli and Gell-Mann 
matrices respectively, and the summation over the indices a £ {1,2,3} and b £ 
{1, . . . , 8} is understood. 

invariance, let us consider the hypercharges in two examples: 

Ll[V] 

Y : 1/2 

QlW 

Y : -1/6 

The choice of representation allows us to assign separate left and right hyper- 
charges to the noncommutative Higgs field $, which add up to Higgs usual 
hypercharge [6]. Because of the minus sign in the right hypercharge 

attributed to the Higgs is effectively — Y^ R . 

In Grand Unified Theories (GUT) it is more natural to first combine the 
left-handed and right-handed fermion fields and then contract the resulting 
expression with Higgs fields to obtain a gauge-invariant Yukawa term. Conse- 
quently, in NC GUTs we need to use the hybrid SW map for the left-handed 
fermion fields and then sandwich them between the NC Higgs on the left- 
and the right-handed fermion fields on the right [31]. 



* ${$,V,V] * e R [V) 

-1/2; 1 -1, 

1/2 

* 8[$,U,U'] * d R [V] 

1/6; 1/3 -1/3. 



(13) 
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3 Gauge Sector of the NCSM Action 

The general form of the gauge kinetic terms is [31] 

<W = -\\ d A x c-R.Tr(n(% u ) * TZ(Fn) , (14) 

where the non-commutative field strength F^ u 

= + -e^iF^, F„ p } - hp#{V a , {dp + Dp)F^ v } + O(0 2 ) ,(15) 

was obtained from the SW map for the non- commutative vector potential 
(|4"|). Ordinary field strength F^ u is given by 

Fp, = d^Vy - 8 V V, - i{V^ V v \ , (16) 

while its covariant derivative reads 

D p F^^dpF^-i[V ,F^}. (17) 

Here represents the whole of the gauge potential for the SM gauge group, 

3 8 

V,(x) = g'A,{x)Y + g B;(x) Tf + g s ^ G%x) T b s . (18) 

o=l 6=1 

The sum in (|14j) is over all unitary, irreducible and inequivalent represen- 
tations 1Z of a gauge group. The freedom in the kinetic terms is parametrized 
by real coefficients c-ji that are subject to the constraints 

\ = J2cnTr(n(T?)n(T?)), (19) 

where gi are the usual "commutative" coupling constants g', g, g s and Tf 
are generators of £7(l)y, SU(2)l, SU(3)c, respectively. Equations ((H)) and 
(fTTJj) can also be written more compactly as 

S g au g e = -\f d'x Tr^F, u * i> 1 = T¥^T;T;, (20) 

where the trace Tr is again over all representations and G is an operator that 
commutes with all generators Tf and encodes the coupling constants [9]. The 
trace in the kinetic terms for gauge bosons is not unique, it depends on the 
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choice of representation. This would not be of importance if the gauge fields 
were Lie algebra valued, but in the noncommutative case they live in the 
enveloping algebra. The possibility of new parameters in gauge theories on 
non-commutative space-time is a consequence of the fact that the gauge fields 
can take any value in the enveloping algebra of the gauge group. 

It is instructive to provide the general form of S g&nge , (HU), in terms of SM 
fields: 



S — — - I d 4 xTr—F F^ 

u gauge 2 / G ^ 



4 ft' 1 " I d 4 xTr-^ 



3.1 Minimal NCSM 



-F F - F F \ I-' 1 "' 

^ pa*- pu - 1 pfj,- 1 au I ' 



+ 0(9 2 ). (21) 



In the minimal Non- Commutative Standard Model (mNCSM) which adopts 
the whole of the gauge potential (fTHJ) for the SM gauge group, the mNCSM 
gauge action is given by 

= ~\ J d 4 x ^Tr a + l T r 2 + l T r 3 ) % v * i> . (22) 

Here the simplest choice was taken, i.e, a sum of three traces over the U(l), 
SU(2), SU(3) sectors with 

"-Ki-:)- (23) 

in the definition of Tri and the fundamental representations for SU(2) and 
SU(3) generators in Tr 2 and Tr 3 , respectively. In terms of physical fields, 
the action then reads 

^ g ° c SM = -\ J d A x (^A,„A^ + TrB llv B^ + TrG^cA (24) 

+\g. d abc e p ° J d'x (\G a pa G% - G^G b a )j G^ c + (D(6 2 ) , 

where A^, B^{= B» V T£) and G M „(= 6?^T|) denote the 17(1), SU(2) L and 
SU(3) C field strengths, respectively: 

A — 8 A — 8 A 

B; u = d^-dvBZ + ge^BlBZ, 

G% = diiG a v — d u G < ^ + g s f a c G i fl c v . (25) 
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Note that in order to obtain the above result 1 , one makes use of the following 
symmetry properties of the group generators T£ = r a /2 and Tg = X a /2: 

Tr(T a T b ) = ^5 ab , Tr(r a rV c ) = 2ie abc , Tr(A a A 6 A c ) = 2(d abc + if abc ) , 

where e abc is the usual antisymmetric tensor, while f abc and d abc are totally 
antisymmetric and totally symmetric structure constants of the SU (3) group. 

There are no new electroweak gauge boson interactions in Eq. (I24j) nor 
the vertices already present in SM, like W + W~ r ) and W + W~Z, do acquire 
any corrections. This is a consequence of our choice of the hypercharge (|23|1 
and of the antisymmetry in both the Lorentz and the group representation 
indices. However, new couplings, like ZZZ, and 9 corrections to SM vertices 
enter from the Higgs kinetic terms as elaborated in Section 15.11 

For the convenience of the reader, we list some usual definitions that we 
use in the analysis of the electroweak sector. The physical fields for the 
electroweak gauge bosons (W^, Z) and the photon (A) are given by 



W ± 



V2 



-g'Au + gB 3 
V 9 2 + g' 2 



gA^ + g 'Bl 



= ,\ ^ =cos9 w A tl + sm0 w Bl, (26) 



where electric charge e = gsin9 w = g' cos 9w 



3.2 Non-Minimal NCSM 

We can use the freedom in the choice of traces in kinetic terms for gauge fields 
to construct non-minimal versions of the mNCSM (nmNCSM). Since the 
fermion-gauge boson interactions remain the same regardless on the choice 
of traces in the gauge sector, the matter sector of the action is not affected, 
i.e. it is the same for both versions of the NCSM. 

The expansion in 9 is at the same time an expansion in the momenta. The 
6*-expanded action can thus be interpreted as a low-energy effective action. 
In such an effective low-energy description it is natural to expect that all 
representations that appear in commutative theory (matter multiplets and 
adjoint representation) are important. All representations of gauge fields 
that appear in the SM then have to be considered in the definition of the 

1 Note that hereby we correct Eq. (56) of Ref. [6]. 
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trace (|20|) . In [9] the trace was chosen over all particles on which covariant 
derivatives act and which have different quantum numbers. In the SM, these 
are, five multiplets of fermions for each generation and one Higgs multiplet. 
The operator G, which determines the coupling constants of the theory, must 
commute with all generators (Y,Tl,Tg) of the gauge group, so that it does 
not spoil the trace property of Tr. This implies that G takes on constant 
values gi, . . . , g e on the six multiplets (Table HJ). The operator G is in general 
a function of Y and of the Casimir operators of 577(2) and 577(3). The action 
derived from (|21|) for such nmNCSM takes the following form: 



s: 



s 



mNCSM 
aueo 



~^~9 j d X \ ApcfApU AnpAp(j J A^ 



+g'g 2 K 2 e pa jd 4 x 
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Ap a Gl-AppGl)G^ b +c. P . 



(27) 



where c.p. denotes cyclic permutations of field strength tensors with respect 
to Lorentz indices. The constants k±, k<i and k 3 represent parameters of the 
model given in [9, 10]. In the following we comment only the pure triple 
electroweak gauge-boson interactions. 

New anomalous triple-gauge boson interactions that are usually forbid- 
den by Lorentz invariance, angular moment conservation and Bose statistics 
(Landau-Pomeranchuk-Yang theorem) can arise within the framework of the 
nmNCSM [9,10], but also in the alternative approach to the NCSM given 
in [27]. Neutral triple-gauge boson terms which are not present in the SM 
Lagrangian can be extracted from the action (|27jl. In terms of physical fields 
(A, Z) they are 
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where 
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and here we have introduced the shorthand notation X pv = d^X v — d v X^ for 
X G {A,Z}. Details of the derivations of neutral triple-gauge boson terms 
and the properties of the coupling constants in (}2"Tj) are explained in [9, 10]. 

Additionally, in contrast to the mNCSM (|2*3j) . electroweak triple-gauge 
boson terms already present in the SM acquire 9 corrections in the nmNCSM. 
Such contributions which originate from (|2*7|) read 
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(31) 



It is important to stress that in both the mNCSM and the nmNCSM there 
are additional 6 corrections to these vertices coming from the Higgs part of 
the action. This will be elaborated in detail in Section I5TT1 

The new parameters in the non-minimal NCSM can be restricted by con- 
sidering GUTs on non-commutative space-time [31]. 



4 Electroweak Matter Currents 

In this section we concentrate on the fermion electroweak sector of the 
NCSM. Some terms are derivative valued. Nevertheless, the hermiticity of 
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the Seiberg-Witten maps for the gauge field guarantees the reality of the 
action. Using the SW maps of the non-commutative fermion field ip with 
corresponding function TZ^(V a ) 

J = $ _ I ff*P K^Va) d^> + % - [7^(V Q ), ft^)] ^ + 0(9 2 ), (32) 

2 o 
and it's covariant derivative 



D, 



i/> - l -e aP K^{v a ) + l - e a/3 [n^v a ),TZ4v^ 

Z <5 



(33) 



it is straightforward to derive the general expression 
= J d 4 x tp * iptp 

= J d A x (^pi>- l -^B^K4F^)D p i> + 0(6 2 yj , (34) 
where 9 pup is a totally antisymmetric quantity: 

The terms of the form given in Eq. (pUJ) appear in S femiona © • One can easily 
show that Sl eiinions = S tmmiom , to order 0{9 2 ). From Eq. we have 

sj = s+ - ^ y d A x @evp n^DpF^) ij>) + o(9 2 ) . 

Since 11^9^ D p F^) = e^TZ^DpF^) for constant 9, and 

9^ p (DpF^) = 9 pv Y(D P F^ + D v F pyi + DpF vp ) , 
the ^-dependent term vanishes due to the Bianchi identity 

+ D»F vp = , 

thereby proving the reality of the action and, hence, the reality of the 
action 5 feBni „ to 0{9 2 ). However, note that the reality of the action is not 
essential, but is very desirable. 2 

2 Weinberg writes in his book: "The action is supposed to be real. This is because we 
want just as many field equations as there are fields. [. . . ] The reality also ensures that 
the generators of various symmetry transformations are Hermitian operators." [32] 
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Next, we express the NCSM results for the electroweak currents in terms 
of physical fields starting with the left-handed electroweak sector. In the 
following represents $i£ {L^Q^} and has the general form 



L 

■ lown.L 



(36) 



In this case, according to the Table El the representation TZ^^V^) without 
SU(3) fields takes the form 

n„ L (V,) = g' A, Y* L + g B;T a L . (37) 

The hypercharge generator Y^ L (see Table can be rewritten as 



(38) 



and we make use of Eqs. (f2T)|) . The left-handed electroweak part of the action 
S, h can be cast in the form 
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where 3^ is a 2 x 2 matrix whose off-diagonal elements (J^ , J^i) denote 
the charged currents and diagonal elements J^) the neutral currents. 

After some algebra we obtain 
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Here and in the following we use the notation in which d P denotes the partial 

derivative which acts only on the fermion field on the right side, while dp 
denotes the partial derivative which acts only on the fermion field on the left 
side, i.e. 

d p i) =d P i> d p i) = i> d p ■ (44) 
We note that in contrast to the SM case, although 



dxi) uPjL J12 i>, 



down ,Z/ 



t 



d A X ?/> downj L J21 tpu P ,L 



we have 



J. 



(L) 
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7^7° ( 



J 



(L) 
12 



7o • 



The reason is the specific form of the interaction term (see Eq. 
contains derivatives, whose pressence produce 



which 



#=7° (J ( n>(d~d)) 7o 



Now, we turn to the results for the right-handed electroweak sector. Here 
ifjR represents ipR G {e^ , , d^ '} , and the representation TZ^ R (Vp) from 
Table El without SU (3) fields is given by 



T^iPr ( V p) = 9' A Y i> R = e Q<p Ap, - 



9 



Qip sin 2 6w Zp 



(45) 



COS0 W 

For the right-handed fermions, T 3 ^ R = and Y^ R = Q^. The right-handed 
electroweak part of the action S$ is of the form 



j{R) 
j(Rfi) 



d 4 x $ R i?i/> R + $ R J (R) i> R ) 



cos 9 



-Q^ sin 2 6 w f 



+ J™ + 0{9 2 



(46) 
(47) 



0^1 ieQ^ {d u Ap) d f 



'9 



cos 9 



w 



sin 2 9 W (d u Zp) d f 



e 2 Q% (dpAp) A v 1— Q% sin 4 9 W (d p Zp) Z v 



cos 2 9 



w 



+ 



eg 



Ql sin 2 9 W [{dpAp) Z v - Ap {d p Z v )\ 



(4£ 



cosd w 

Let us now present our results 3 in a form suitable for further calculations, 
derivation of Feynman rules and phenomenological applications, i.e. in terms 

3 We note that in the preceding considerations we have corrected the electroweak cur- 
rents presented in the appendix of Ref. [6] and expressed them using more compact and 
transparent notation. 
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of * G {L«,Q«}, and thus ^ up G and ^ down G {eW,d«}. The 

electroweak part of the action S$ then takes the form 



+ ^2 } ^ ^ ~~ T5) V'down + V'down ^21 } ^ ( X ~ 7s) 

+ ^ UP ^[(J 1 ( ? + J (ii) )-(J 1 ( ?-J (ii) )75] 



down f~i 



and the currents Jj- can be read from Eqs. (|4()H4Hjl . while is given by 



' (J|? + J^)-(J 2 ( ?-J^) 75 ^ , (49) 



Eqs. (I47H48|) (with substituted by the corresponding Q,p ap or Q^down)- 

Finally, we note that the fermion fields appearing in this section are not 
mass but weak-interaction eigenstates. In order to present the results in 
terms of mass eigenstates, the Cabbibo-Kobayashi-M askawa matrix (denoted 
by Vij in the following) enters the quark currents leading to mixing between 
generations and to the modification of the quark currents by factors: 

«2 Va J& 1(1- 75) gSL , gSL V$ 4? \(i- 75) qS , 

where q^j and q^n represent mass eigenstates. In the NCSM, as in the SM, 
the neutrino masses are not considered and consequently the leptonic mixing 
matrix is diagonal in contrast to the neutrino mass extended models. The 
corresponding non- commutative extensions which include neutrino masses 
can be made along the lines sketched here (see Section for further details 
on this subject). 

In this section, only electroweak interactions were considered. Pure QCD, 
as well as mixed terms which appear in the NCSM due to the Seiberg-Witten 
mapping, are left for a future publication [29] . 



5 Higgs Sector of the NCSM Action 

In the preceding section we have expanded the fermionic part of the action 
and performed a detailed analysis of the electroweak interactions. We devote 
this section to the analysis of S mgga and SVukawa to first order in 9. 
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5.1 Higgs Kinetic Terms 

The expansion of the Higgs part of the action (JZJ) to first order in 9 yields 

•Sfflggs 



(50) 



where 



U 



a/3 



<9 M + zV M ) ( — fyV^ - V a M fy + 9 a V^ 



+ iV M V a ^+ ^V Q V^+ ^(V^) 



(51) 



Equation (J5Uj) contains the usual covariant derivative of the Higgs boson 
D/u = dyl — iV/j, where = g'A^Y^l + gB®T£, and 1 is a unit matrix 
suppressed in the following. Also = d^y v — d v Y ^ — i[V M , Y v ] . 

Let us construct explicit expressions for the electroweak gauge matrices 
occurring in (jSOjl and ([STjl. The gauge field V M can be expressed in a matrix 
form as 



/ g'AuY® + gT^ A B 



V, 



up fj, 



V 



—W~ 
V2 " 



(52) 



where from Tabled one can read 5 : F$ = 1/2, T 3i0up = 1/2, T 3i0down = -1/2. 
The diagonal matrix elements can also be expressed in terms of physical fields 
using Eqs. (JSEJ)- Hence, one obtains 



eA a + „ 9 „ (1 - 2 sin 2 , 



2cos# 



2 cos M 



(53) 



4 In order to make the presentation more transparent, in this section, we denote the 
2x2 matrices appearing in the action by bold letters. 



5 Note Y$ 



iup ^3,0 up — Q</>down "^3,1 
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The product of two gauge fields is given by 



V V 



1 + jW+w- 



while the product of three gauge fields can be expressed as 
with matrix elements 



4= (W+V n ,, + W+V 22 , a ) \ 



v 22 ^v 22>a + *-w~w, 



fi a 



J 



(54) 
(55a) 



M, 



M, 



fj.a/3,12 



M, 



(tap, 21 



M, 



+^(Vn,»w+Wp + w;w-v xl , p + w+v 22 , a Wp) , 
■j=(v 22 ^w-v u>l3 + v 22 ^v 22}a Wp + ^-y 11)Q y 11)/3 

V22,/Lt' / 22,aV22, ( g 

+y(^22,^W-W+ + W~W+V 22>0 + W~V llja W t 



(55b) 



For the field strength one obtains 

{ eA uu + ''' " *-- 2 



2 cos 9w 
9 



1 - 2 sin' 6w)Z. 



\ 



W~ 
V2 ^ 



9 



2 cos 6 W ^ 



J 



W+W- - W+W- y/2(B%W+ - W+B 3 „) 
2 \-V2(BlW--W-Bl) -W+W- + W+W- 



(56) 



where X^ = d^X v - d v X^ for X G {A, Z, W + , W~}. By making use of 
Eq. (j2Sj) one can completely express the off-diagonal elements in terms of 
the physical fields and Z^. The other combinations of fields appearing 
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in Eqs. fl5Uj) and (JoT]) can also be easily obtained. We will not provide the 
explicit expressions here. 

It is not difficult to see that the value of the Higgs field that minimizes 
the (non-commutative) Higgs potential is the same as in the commutative 
case because of the following: We are looking for the minimum value of 
the potential attained for constant fields and hence can ignore all derivative 
terms and all star products. This leaves terms like 8 a ^V a V^ in the hybrid 
SW map that could possibly lead to corrections of the vacuum expectation 
value of the Higgs. Taking into account also the potential of the gauge fields 
it is, however, clear that we should consider only V a = 0, i.e. $ = $ when 
fixing the vacuum expectation value. 

The Higgs field is chosen to be in the unitary gauge 



where v = a/— /i 2 / A represents the Higgs vacuum expectation value, while 
h(x) is the physical Higgs field. 

There are several points that need to be mentioned in connection with the 
NCSM version of the S Hims part of the action (JSUJ). From (joTj) one trivially 
obtains 



where H stands here for any 2x2 matrix. Taking into account this along 
with (p)2*|) and (|54H56|) . it is easy to see that terms containing one or more 
Higgs fields h(x) as well as terms containing solely gauge bosons reside in 



First, let us examine the contributions of the last two ^-dependent terms 
in Eq. ()50|). By making use of (j50H56j) for the Higgs field in unitary gauge 
we find 



Owing to the Stokes theorem the term containing only one Z field vanishes. 
Similarly, by performing partial integration and taking into account v 2 = 




(57) 




USD). 




(58) 
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— /i 2 /A, the spuriously looking two-field terms vanish and (|58|) simplifies to 



le a/3 X [ d A xh(h + v)(h + 2v) {ig 2 {h + v)W+W7 + 2—^— (d a h)zA . 

o J { COSC^iy J 

(59) 

Second, let us note that, in contrast to the SM case, in the NCSM action 
"Sffiggs flSnj) there are terms proportional to v 2 that cannot be identified as the 
mass terms of the Higgs and weak gauge bosons fields but represent interac- 
tion terms. Hence, after the identification of the mass terms (— l/2m 2 H h 2 ), 
M^W+W-v and 1/2M§ Z^Z* with Higgs, W and Z boson masses 



m 2 H = 2/i 2 = -2v 2 X , 

M 2 w = -Vg 2 , M 2 z = 1 -v 2 ( g 2 + g > 2 ) = ^-, (60) 
4 4 cos 0w 

respectively, additional terms remain which describe interactions of Higgs and 
gauge bosons and interactions of solely gauge bosons. The latter behaviour 
is novel in comparison with the Standard Model and is introduced by the 
Seiberg-Witten mapping. The analysis of Eq. (jSOjl reveals that, in addition 
to the interaction terms contained in S gaugc (|2~Tj) . the last three terms of 
the second bracket in U Q/ g (fBlf give rise to order 6 contributions to the 
three- and four-gauge-boson couplings. Specifically, the three-gauge-boson 
interaction terms from S mgg!3 read (— l/4)t> 2 8 a/3 [I a p + Jig] 22 , where I a p = 
V M [(9 M V a )V ( g+V Q ,(9 /3 V M ) + (9 / 3V At )V Q ,] . By making use of one arrives at 
explicit expressions for the H /+ H / ~7, W + W~Z and ZZZ interaction terms: 



— v 2 9 al3 
4 
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4/3 + 4/3 

M^r e af3 [(w + » w- + W+) + (dpA a ) w~] 
M 2 w e a ? {z» [w+ (d fi w~) + w- (d p w+)] 



e 
2 

9 



4 cos 9w 

f (Z»W+ + Z a W + ») W~ p + (z»w- + z a w-») W+ 

- cos 29 w [(W+» W~ + W~» W+) Z^ + {d p Z a ) W + » W~] } 



+ A — a M 2 Z B afi Z» Z a (2 dpZ^ - d^Zp) . 
4 cos 0w 

(61) 

The four-gauge-boson interaction terms can be analysed analogously. 
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5.2 Yukawa Terms 



Next, we proceed to the ^-expansion of the SVukawa action (JHJ). Similarly to 
the analysis of the electroweak currents presented in Section HI let us first 
analyse the general form for the Yukawa action, 

= -Jd'xf^ (^ n (^^^ down ($)*^l, fl )+h.c.) 
+ i * V P ($ C ) * + • (62) 



Here G down and G up are general 3x3 matrices which comprise Yukawa cou- 
plings while ip^ R and ip^lm r denote up and down fermion fields of the gen- 
eration j. As we analyse a simple non-commutative extension of the SM, 
G l J vanishes for leptons. Furthermore, as in the SM one can find a biunitary 
transformation that diagonalizes the G matrices 

n z2l q m G <? M 

down ^down iW down down ? U P U P up I UD J 

v ' f 

and obtain the diagonal 3x3 mass matrices M down and M up . Next, one 
redefines the fermion fields to mass eigenstates 

down, L down S^down,L down Y / downi JJ rdown,_R 

This redefinition of the fields introduces the fermion mixing matrix 1/ = 
S'up'S'down in the electroweak currents (JUIJ), and, owing to the hybrid SW 
mapping of the Higgs field, in the Yukawa part of the NCSM action as well. 
We introduce the matrix Vf, which like in the SM, corresponds to 

Vf=l v -i f If f =e ■ < 63 > 

3 \ V = Vckm for / = q 

where i and q denote leptons and quarks, respectively. Hence, the quark 
mixing is described by the CKM matrix, while the mixing in the lepton sector 
is absent but can be additionally introduced following the commonly accepted 
modifications of the SM which comprise neutrino masses. Furthermore, as 
the Higgs part of the NCSM action introduces mass dependent gauge boson 
couplings (see Eq. (pT])). the Yukawa part of the NCSM action introduces 
fermion mass dependent interactions. In contrast to the NCSM, in the SM 
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fermion mass dependent interactions always include an interaction with the 
Higgs field. 

Using Eq. (|T2|) we find 



-i 8a $ Ou 



-iK* L (V,) $ 7^ down , fl (K) ] ^L,r • (64) 

The representations 7Z^ L (V^) and 7?.^ down fl (V^) can be read from TableEl Ex- 
pressions valid for both leptons and quarks, with strong interactions omitted, 
are given in Eqs. (jTfjl and For the Higgs field (|5Tj) is used. 

Finally, using (jMJ), after some algebra we obtain the following result for 
()62|) expressed in terms of physical fields (and with gluons omitted): 



c _ frf^V \,b® ( N V{ij) + ^ N A{ij)S \ ih {j) 

°i>, Yukawa ~ U A ^ ^ M^down I ^ dd ' 75 iV dd J Ydovm 

J i,i=l 

+«(^ i) +75^f>ll 

+^l(^I fe V 7 5< fo ' ) )^ ) ] • (65) 
The neutral currents read 

NT = NifW + 0{P), 

NX* = -M™ (l + ~) + + 0(P) , 

N^ ij) = N^ + 0(6 2 ), (66) 
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where 



N. 



V,8(ij) 



dd 



>«£ {> m a, 

2 v 



9 



2 cos 6 



+ 



e<2v>down(3A) + 



5 



2 m " 



2 cos 9 W 



h 

1 + - 



( T 3,^ down , L - 2g^ down sin 2 dwWvZp) 



(67) 



iV. 



5 



4COS6 1 



T, 



w 



3,ipd own.L 



0""M 



(ij) 

down 



1 • - I 



du - du) + 2ieQ^ dom A^ , 



and 



N vm) 

1 "ttw 



N. 



(W + <-> W , down — > up). 



The charged currents are given by 



cT 3) + , 



C; 



ud 



where 



5 



0"" 1 + - { [((V>M down )fe) + (M up V f )M) (d v W+) 



4V2 

+te ((V>M down )fe')g^ p - (M up V f )^Q^ do J A,W- 



+i 



9 



[(V>M down )^) (2T 3 ^ up , L - Q^ p sin 2 6 W ) 

-Q^s\n 2 e w )]Z,W^} , 



COS0VF 

(M up V)p (2T 3 ^ d . 



and 



C; 



wd 



c:r\M up - -m up ) , 



(68) 



(69) 



(70) 



(71) 
(72) 
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while 



C£ W> = - fef»(S«3)V . (73) 



Note that d and 9 are defined in 

At the end, observe that the simplified introduction of the fermion mass 
and the use of the relation 

d 4 x ijj (ip - m) if) - i ^7^(F^) (i9^ p D p -m 9^ 
+0{9 2 )] . (74) 
is valid only in the case of pure QED and pure QCD. 

6 Feynman Rules 

On the basis of the results presented in Sections 0] and it is now straightfor- 
ward to derive the Feynman rules needed for phenomenological applications 
of the NCSM, i.e. for the calculation of physical processes. In this section, 
we list a number of selected Feynman rules for the NCSM pure electroweak 
interactions up to order 9. We omit interactions with the Higgs particle, 
boson interactions with four and more gauge fields, and fermion interactions 
with more than two gauge bosons. 

The following notation for vertices has been adopted: all gauge boson 
momenta are taken to be incoming; following the flow of the fermion line, 
the momenta of the incoming and outgoing fermions are given by p iIL andp out , 
respectively. In the following we denote fermions by /, and the generation 
indices by i and j. Furthermore, fu £ {iy^\u^ } and ff G {e« ef«}. 

For the Feynman rules we use the following definitions: 

cvj = T 3Jl - 2Q f sin 2 9 w , 

caj = T 3Jl . (75) 

The charge Q and the weak isospin T 3 can be read from Tabled The notation 
Vf is introduced in (J53|) . while 9 pvp is defined in We also make use of 

(9ky = 9^ v k v = -k v 9 vp = -{k9Y and (kOp) = k^ v p v . 
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6.1 Minimal NCSM 



In this subsection we present selected Feynman rules for the mNCSM con- 
taining SM contributions and 9 corrections. The 9 corrections to vertices 
containing fermions are obtained using Eq. (|49|) and the Yukawa part of 
the action (|65|) has to be taken into account as well, because it generates 
additional mass dependent terms which modify some interaction vertices. In 
comparison with the SM, this is a novel feature. Similarly, the gauge bo- 
son couplings present in (J24"j) receive additional 9 dependent corrections from 
the Higgs part of the action (JHU)) and even new three- and four-gauge boson 
couplings appear, see (JoTj) . 

First, we list three- vertices that appear in the SM as well. 




/ 



/ 



+ 2 e Qf [{Pou*0Pin)ln ~ (Pout0)/i($ 



m f ) - (j>, 



out 



m f )(9p in ) fl } , 
(76) 




./ 




(77) 
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W+(k) 




w-(k) 



i e 



f 



7,- j^fcy. 



(1-75) 



■Id 



m,: -" ) K(i - 75) - f I + 75) 



7 u 




W-(fc 2 ) 



ie {g^ih - k 2 y + g^(k 2 - A*)" + <T (A* - A*)" 




w-(fc 2 ) 



^(fcl) 



*e cot %{<T (&1 - k 2 f + ^(fe - fc 3 )" + g^(h - h)" 

^ k P + 6 w k u + g^iekxY - g vp {9k x Y + g^idkxY 
^(h - k 2 y + 9 v P{k 2 - £; 3 ) M + 9^(k 3 - fci) 1 ' 
-2g^(6k 3 Y ~ 2g vp {9k 1 Y - 2g pp {6k 2 ) 



--M 2 ' 

4 z 
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Here we give the new three-gauge-boson coupling which follows from the 
Higgs action (J5U|) . i.e., Eq. (pTJ) 

• Z p (k 3 ) 

\, Z v {k 2 ) 



eMf 



o^{h - k 2 y + e vp {k 2 - hY + e^(k 3 - ^i) 1 



2 sin 2#w 

-2g^ v (9k 3 ) p - 2g vp (6k i y - 2g p ^(9k 2 ) 



Additionally, from the Higgs action (|50|) one can derive the # corrections to 
the electroweak four-gauge-boson vertices already present in SM (see (J23J), 
as well as, new four-gauge-boson vertices. 

Equation (|49jl also describes the interaction vertices involving fermions 
and two or three gauge bosons. These do not appear in the SM. In the 
following we provide all contributions to such vertices with four legs and cor- 
responding mass-dependent contributions from ([65)1 . 




AM 



A v {k 2 ) 



-e 2 Ql 



9fj,vp (k p k^) 



(82) 




Z v {k 2 ) 



Qf 



2 sin 29 



(83) 



x 




Zp(h) 



Z v (k 2 



2 sin 2 29 



Qpvp (K - k P 2 ) (Cyj - C A jJ 5 f 
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W+(h) 



— e 



8 sin 6w - 



0,» P (pf n + ^)(l-7 5 ) + 2^m / 



15) 



(i) 



Jd 



U) 




W+{k 2 ) 



Jd 



fu 



(0 




4 a/2 sin 9 W 



U /„ (!_ 75 )_ / d A. (l + 75 ) 



m f u)Q f (i) 

Jd J u 



TTlAi)Q f U) 

Ju J d 



(1-75) 




(J) 




f (j) 



(0 




^(fci) 



4^2 sin 9 W sin 2^ \yf m 



'iivp 



+ 6 



rriJi) 

Ju 



m u) 

Jd 



m u) 

Jd 

m f {i) 

J u 



c VJ o) + 3c Ai/ a) j 
c VJ u) + 3c AJ u) 



(1 - 7s) 



(1 + 75) 



(K + 



(i - 75) 



(87) 



Similarly, ffWWZ, ffWWj and ffjWZ can be extracted from Eq. (jUJ) 
as well. They have no mass- dependent corrections. 
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6.2 Non-Minimal NCSM 



Here we give the selected Feynman rules for the non-minimal NCSM intro- 
duced in Subsection 13.21 Observe that the fermion sector is not affected by 
the change of the representation in the gauge part of the action. Let us define 

e 3 ((p, h), (v, h), ( P , k 3 )) = -e^ikKhh) - k p 2 (hk 3 )] 
+(ehr[g vp (k 2 ks) - Kki\ - (0*0 V"(*2*3) - KK\ 

-WfcrCM*) - k$k%\ + (k 1 0k 2 )[k£g'"> - a&t] 

+cyclical permutations of (/ij, . (88) 

We use the simplified notation pLx = p:, pL 2 = v and p 3 = p. 

First, we list the Feynman rules for the modified W + W~ r y 1 W + W~ Z and 
ZZZ vertices already present in the mNCSM: 




w-(h 



\ W~(k 2 ) 

wvvvm 

^(Ari) 




Z u (k 2 



Eq. JZSJ + 

2e sin 29 W K WW ~ / 6 3 ((p, h), (u, k 2 ), (p, h)) , (89) 



Eq. dHOJ) + 

2e sm29 w K wwz Q 3 ((p, ki), (u, k 2 ), (p, k 3 )) , (90) 



Eq. (JET) + 

2 e sin 29 W K ZZZ 3 ((p, (z/, k 2 ), (p, fc 3 )) . (91) 



Additionally, we give the new gauge boson vertices 777, Z77 and ZZ'-/: 
* A p (h) 

A u (k 2 ) 2esm26 w K JJj e 3 (( fJ ,,k 1 ),(v,k 2 ),(p,k 3 )), (92) 



A^h 
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• A p (k 3 ) 

\ Z v {k 2 ) -2esm2^K Z77 e 3 ((/x,A; 1 ),(z/,A; 2 ),(p,A;3)), (93) 

*VWWl 

\ Z u (k 2 ) -2esm2e w K ZZj G 3 ((n,ki),(is,k 2 ),(p,k 3 )). (94) 
Www 

The functions K are not independent and they are defined in Eqs. (j29l31jh 

7 Conclusions 

The main purpose of this article is to complete the Non-Commutative Stan- 
dard Model constructed in [6,9], and thus to make it accessible to phenomeno- 
logical considerations and further research. The NCSM action are given in 
terms of physical fields and mass eigenstates. The freedom in the choice of 
traces in kinetic terms for gauge fields produces two versions of the NCSM, 
namely the mNCSM and the nmNCSM. However, such freedom does not 
affect the matter sector of the action and the fermion-gauge boson interac- 
tions remain the same in both versions of the NCSM. We have provided an 
explicit expression for selected vertices of which some already appear in the 
original SM, but in the NCSM they gain ^-dependent corrections, whereas 
others appear for the first time in the non- commutative version of the SM. 
We have presented a careful discussion of electroweak charged and neutral 
currents as well as a derivation of the Higgs and Yukawa terms of the NCSM 
action. 

Among the novel features in comparison with previous works [6,9] are the 
appearance of additional gauge boson interaction terms (|3"T)|) and (|6"T|) in the 
gauge (j2"Tj) and in the Higgs (joTIj) parts of the action, and the appearance of 
mass-dependent corrections to the boson-boson and fermion-boson couplings 
steaming from the Higgs and Yukawa parts of the action, respectively. In Eqs. 
(j76M78|) the mass- dependent terms stem from the Yukawa interactions 1)641 - 
I7B*|) . while in Eqs. f)79|8()j) the mass corrections arrise from the ^-expanded 
Higgs action (|61|). To first order in 9, equation ()65|) contains coupling of 
fermions to gauge bosons that depend on the mass of the fermion involved. 
Also the appearance of new terms ()61|) would certainly produce important 
contributions in a number of physical processes. All the above features are 
introduced by the Seiberg-Witten maps. 
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CP violation induced by space-time non-commutativity has potential to 
be a particular sensitive probe of non-commutativity [33]. The analysis of 
C,P,T properties of the NCSM and the NCGUTs [31] shows that 9 transforms 
under C, P, T in such a way that it preserves these discrete symmetries in 
the action. However, considering 9 as a fixed background (or spectator) field, 
there will be spontaneous breaking of CP (relative to the background), just 
as one has spontaneous breaking of Lorentz symmetries in non- commutative 
theories. Consequently, non-commutative effects can also mix with the CKM- 
matrix CP- violating parameter 5 in the spirit of Ref . [33] . Since the fermion 
sectors of the mNCSM and the nmNCS are equal, the above conclusion is 
valid for both models. It should be noted that in the present work, the 
unitary CKM mixing matrix has been considered with matrix elements not 
as functions of space-time but as constants. Furthermore, the ^-expansions 
of the SW map and the star product have been worked out only up to first 
order. 

In conclusion, the thorough analysis of the electroweak sector consid- 
ered in this paper facilitates further research on reliable bounds on non- 
commutativity from hadronic and leptonic physics. 
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